Given a sequence of object contours at certain time interval, a tool is developed to generate 
Introduction
In a number of applications, images of a deformable object are being tracked in a video sequence. For example, deformable cloud clusters in satellite image sequence are tracked for wind speed estimation or for studying transportation of pollutants embedded in cloud [1] . In a different context 2D Computed Tomography (CT) or Magnetic Resonance (MR) slice images of a human organ, not far apart in spatial scale, are required for 3D visualization of the organ [2] . Obviously, for such applications, the images in close temporal or spatial sequence are necessary for understanding the underlying physical phenomena. For example, the higher the number of 2D slice images of an organ, that is the less the gap between slices, the better is the 3D surface reconstruction of the organ.
Similarly for wind speed estimation, speed of cloud movement is better predicted in case consecutive satellite frames are available within short time interval [3] . However, because of sensor limitation or constraint of speed of storage of the image buffer, or even for medical reason, for example, overexposure of a specific radiation to capture an image, only a selected number of images in a sequence are available rather than an exhaustive set. But shapes in intermediate stages are necessary and therefore, they are created synthetically. In this paper a theory to generate intermediate shapes is derived given two or more consecutive shapes, widely apart either in space or time scale. The theory presented in this paper is based on level set analysis, which is an important tool for geometric curve evolution [4] .
Level set analysis provides a mathematical framework for evolving a closed contour. A partial differential equation (PDE) relates the evolution of level set function with the positions of the curve as the curve starts evolving. Active contour based models are also used for curve evolution [5, 6] . For active contour models an energy function is minimized to evolve an initial curve. This minimization provides the new position of the points on the curve at every time instant. Compared to this active contour-based approach, the PDE governed level set based curve evolution avoids any individual contour pixel level calculation and provides new position of the curve through an updated geometric function. Naturally, level set can take care of change in topology of curve and this is impossible in straightforward implementation of parametric active contour models.
In context of the problem addressed in this paper, level set analysis can be used to evolve an initial shape such that the evolved curve is constrained to converge to a final shape. In this paper, we present a level set based curve evolution model where the evolution is dictated by the geometry of the initial and final contour and also the intensity based features of images from where the initial and final contours are extracted. The curvature of contours and optic flow vectors of image sequence are taken as shape and intensity based features for guiding curve evolution. The evolved curve positions in between the initial and final curve are the desired intermediate shapes.
Contour interpolation using linear and nonlinear techniques is a well-researched topic. For biomedical image reconstruction, the intermediate contours may be generated using elastic interpolation technique [7] . The initial and the final shapes are approximated using linear contour The major limitation of this approach is the linear approximation and interpolation of the intermediate contour and path, which misses intricate shape details. Also, the interpolation scheme is devoid of image intensity or any other shape specific features as exploited in the proposed approach.
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Active contour based interpolation also generates object shapes in intermediate video frames [8] . The object shapes are specified in the initial and the final frame of a video shot and the challenge is video object generation in intermediate frames. Object contours in the initial and final frames are defined using a set of vertices. An energy function based on translation or affine transformation model is first minimized to match the vertices of initial and final contours. The interpolated positions of the active contour are calculated after minimizing intra-frame and inter-frame image energy constraint. While the intra-frame energy depends on edge and smoothness measure within the image frame, the inter-frame energy is evaluated based on color similarity and difference in optic flow measure. The frame-based energy is a local energy measure compared to global translation or affine transformation based energy measure. For interpolated contour position, the probable move of an active contour pixel in any one of its 8N locations depends on the position that minimizes the framebased energy. The model proposed in our paper also exploits change in optic flow in order to modify the evolution of level set function. However, the major advantage of level set based curve evolution is that it avoids individual contour point based curve evolution and separate global (shape-based) and local (frame-based) energy minimization as practiced in [8] .
Contour warping also takes an initial shape to a final one. However, the major difference with respect to proposed approach is that in case of warping or morphing, the point-to-point correspondence (at least for certain landmark points) between the initial and final contours is known.
A model is then defined to solve for the transformation between corresponding points of the initial and final contours. A number of morphing algorithms are in existence and we discuss only a few relevant ones with respect to the proposed model. The contour blending proposed in [9] gradually deforms a distance field satisfying the correspondence constraint similar to the one employed in level set analysis. In [10] , distance field interpolation is placed in a more generalized framework of infinite [11] have applied level set analysis to define a surface in between the initial and final contours and constructed path from initial to final contour points on the defined surface. Even after exploiting the advantage of level set based approach, the authors get back to point based path tracing process defeating the advantages of geometric function based curve evolution. The major contribution of the proposed work is in integrating curvature and optic flow features within a unified framework of level set based curve evolution not exploited in [11] .
The present approach provides a mathematical framework where evolution of curve is treated as evolution of a geometric function using the properties of level set analysis. The contribution is in using shape and intensity features to guide the evolution of geometric function. This approach also does not need any explicit evaluation of global shape transformation or approximation of initial and target contours with linear or nonlinear segments, common to many competing contour interpolation methods.
In the next section, the necessary background for level set based curve evolution model is presented followed by our proposed approach in Section 3. The experimental results and the performance of the proposed approach against the competing methods are discussed in Section 4. The conclusion is given in Section 5.
6
Background
A closed curve in 2D can be conceived as an intersection of a plane and a suitable conic, also known as level set function [4] . This implicit representation of curve forms the basis of the well known level set curve evolution technique. It is a common practice to define the level set function as the signed distance function [4, 12] :
, is on the curve. Thus the aforementioned intersecting plane here is: z = 0. Therefore by definition, the 2D curve is embedded in the zero level set of . Note that with this implicit representation for the curve, the time evolution of the curve can be performed via the time evolution of the level set function . At any given time instant, the location of the curve is provided by the zero level set of . The time evolution of signed distance function is given by [4, 12]:
The speed of deformation of the curve at (
at time t. In the context of interpolated contours, controls the deformation of such that after certain time, the initial contour shape (curve) exactly matches the final contour shape (curve).
The speed is evaluated from the position of initial and final contour, change of curvature of initial contour to that of final contour and the optic flow vectors of image sequence as discussed in the next section. Note that this curve evolution deforms level set function but does not process contour pixels individually as in active contour [6, 8] .
Cohen and Herlin [11] have visualized the recreation of intermediate shapes as a problem of estimating path between an initial and a final contour at time t and at (t+ t) respectively. However, they have exploited level set based curve evolution to trace the path. The contour in the initial frame is taken as a collection of contour points and these initial points individually trace paths to reach the final contour. Naturally the number of points on the initial contour limits the number of path.
In [11] , two distance transform functions, 1 and 2 are defined for initial and the final contours respectively. For a path p connecting a point S X in the initial contour to a point D X on the final contour the computational cost ( )
is the cost function and s is the parameter to represent the path p. Note that ( ) y x f , defines a surface in between the initial and final contours. In this context cost refers to the distance to be traveled to reach a pixel of the final contour from a pixel of the initial contour along the surface ( ) y x f , . Naturally, several paths exist between initial and final contour points along the surface ( ) y x f , and the contribution of [11] is in defining the path having minimum cost. They have shown that starting from S X , the minimum cost path is traced moving along the direction of f and the path terminates once the destination contour is reached. Curve specific geometric information and image sequence specific intensity and motion information are integrated in the proposed level set framework, which is missing in [11] . We present the proposed level set based intermediate contour generation framework in the next section.
Proposed Method
The proposed model of curve evolution takes an initial contour to a final contour where, as described in Section 2, the evolution of curve is posed as an equivalent problem of evolution of the level set function of the curve. In this section our intention is to specify a set of contour shape specific features and optic flow vectors that influence curve evolution and consequently the evolution of corresponding level set function. To take care of these features, the model of curve evolution has three components.
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First, the initial curve should expand or contract as required so that it matches the target contour. We define an expansion-contraction force that serves this purpose and it is detailed in Section 3.1. Second, as the curve deforms to match the target, the shape feature of the initial contour should exactly evolve to that of the final contour. In our model, we have taken contour curvature as the shape feature. The curvature of the initial (and subsequently the evolving) contour is controlled in such a way that after certain time instants the curvature exactly matches that of the final contour. This process is explained in Section 3.2. Finally, our hypothesis is that the shape matching should be influenced by the pattern of intensity change in consecutive frames. This change in intensity pattern is captured in our model using optic flow. The numerical implementation of the proposed curve evolution model is shown in Section 3.3.
Development of expansion-contraction force
Consider the contours in Fig. 1 
where H is a regularized heaviside function that can have the following form with a regularization parameter [13] : )). Fig. 1(a) can be specified as positive and negative regions as shown in Fig. 1(b) . Note that as the initial contour is approaching final contour both positive and negative regions of are being decreased and once the initial contour exactly matches the target, sum of is zero. We introduce a small variation 
The change due to variation in I is equivalent to ( )
This also conforms to the proposed change in sign of ( ) y x, such that ( ) 0 y x, = when initial contour has converged to final shape. The speed term in (3) satisfies this objective. An example of use of (3) is shown in Fig. 1(c) through (e) . The ellipse shown in Fig. 1(c) is gradually deformed to take the shape of Fig. 1(d) as shown in Fig. 1(e) .
As noted earlier, this shape transition process should also concentrate on finer shape detail.
For example, curvature of the initial contour should gradually deform and match with the curvature of 
Geometric feature and motion based curve evolution
We have already noted that curvature of the contour is taken as the geometric feature to guide the curve evolution from initial to final shape. Various other shape specific features could be taken; however, we need to select a feature, which is not only specific to contour but also provides sufficient details for interpolation. Curvature feature provides the required details of the contour and at the same time use of curvature based flow is a well investigated topic in level set based curve evolution [4, 12, 15] . Given the curve ( ) t s c , parameterized by s at any instant t , and the corresponding level set function , the curvature can be estimated from
In order to match the curvature of the initial or intermediate contour with that of the final contour we argue that the level set function speed should be controlled using level set evolution model as:
where, In order to integrate shape deformation in the interpolation process, motion information between the source and the target contours is utilized. A well-utilized tool to encode motion 
Integrating shape feature based curve evolution of (4) 
Combining expansion-contraction force of (3) with (7), we propose the integrated level set speed as,
The advantage of the additive model is that, level set speed exists even if any one of the speed components is zero depending on the initial or final curve, shape and or optic flow component.
Implementation
The numerical scheme of (8) at nth iteration is given by,
The level set function at iteration n and (n+1) is given by n and 1 + n respectively, and t is the In the next section, the results of integrated flow are shown for different application domains.
Results and Discussions
The efficacy of the proposed approach is demonstrated using both satellite and biomedical images.
Interpolation results for video sequence and MR slice images are shown. The results are compared with level set based path estimation approach of [11] and active contour based interpolation approach of [8] . Other than subjective comparison, the results are objectively compared using one region and one contour based measures. In region based measure the overlapping area between the generated contour and actual contour is expressed as percentage of the area of the actual contour. In contour based measure number of pixels in synthetic contour is expressed as percentage of that of the actual contour. All three techniques are implemented in MATLAB. To implement [8] , the matching of vertices between initial and final contours is done manually to solve between-frame global shape orientation. To construct intermediate contours for [11] which is a point based path tracing approach, generated contour points are joined with linear segments. 3(e) shows the path from red initial contour (Fig. 3(a) ) to black destination contour ( Fig.   3(d) ) derived using [11] . Note that while green paths indicate that the initial shape is squeezed at these points, the magenta paths indicate expansion of the initial shape. The major problem for this path estimation approach is that not all points on the destination contour could be traced from the initial contour. Also, there is many to one mapping problem while drawing a path from initial to final curve. The mismatch of number of contour points between the initial and final contours forces respectively. The synthetic contour representing the 6 th image in the sequence is shown in Fig. 5(b) .
The evolved contour after 75 iterations is area wise 62% closer to the actual cloud contour at 15:00Z
hours. The corresponding path estimation result using [11] is shown in Fig. 5(d) . hours. Clearly, the proposed approach is superior with respect to [11] for the entire sequence shown respectively. The results provide very smooth contour not conforming to the actual cyclonic disturbances observed in the respective time period. The interpolated contour using [8] for the cloud sequence of Fig. 4 is shown in Fig. 6(c) . The area wise matching of the contour in Fig. 6(c) with the actual contour is 51%. Again the contour of Fig. 6(c) does not have intricate details as compared to the interpolated contour of Fig. 5(b) .
In the introduction we have mentioned that the proposed method can also be used to generate Table 1 indicates better performance of the proposed technique. For further contour based objective comparison, the ratio of number of contour pixels of interpolated and ground truth contours (expressed as percentage) is presented in Table 2 . Note that in some cases number of synthetic contour pixels is more than the desired number of target contour pixels. As mentioned earlier for the example set present in this paper, the synthetic contour is fixed based on the area wise best match with the ground truth contour. Again the result clearly indicates that proposed contour is overall a better interpolation compared to [11] or [8] . This is primarily due to the ability of the proposed model to capture contour details without taking any point based approach rather evolving the contour as a whole, which is missing in the other two approaches. Time and space complexity wise the proposed method is comparable to competing approaches of [11] and [8] . The proposed method requires three O(n 2 ) updates at each iteration, one for expansion-contraction force, one each for evolving level set functions due to curvature and optic flow.
However, the level set function updation can be implemented in computationally efficient narrow band approach [4] . In [11] , two level set functions due to initial and final contours are updated at every iteration but the additional overhead is point-based path tracing where gradient of the cost function is calculated starting from each point of the initial contour. In [8] , separate inter-frame and intra-frame energy are minimized. For inter-frame energy, point wise correspondence of initial and final contour requires O(n 2 ) comparison for global shape transform. Further, edge and smoothness measures, color similarity and optic flow measures are evaluated for local energy constraint.
Therefore, for local energy minimization, at least three O(n 2 ) updates are required followed by iterative contour point wise updates till the target contour is reached. Overall, the proposed approach is a better alternative considering (computational) cost versus (objective) quality tradeoff.
Conclusions
An integrated shape interpolation process based on level set evolution technique is proposed. The major contribution is in integrating both shape and intensity features within level set framework. Contours after level set evolution following equation (9) . following [8] .
